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Seeing More Shots Improve Performance

* Multimodal: Flamingo

e Machine Translation

* Planning

* Long-context
classification

Aggregated performance
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Many-shot ICL: Machine Translation
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In-context Learning (ICL)

* In-context learning: The model
learns the task from the context of
examples

* The output adapts to examples

e But the parameters of the model do
not change

* How does the learning happen?

examples

-

I

task

Pretrained model

Models learn from examples during
inference



Outline

* Transformer learns gradient implicitly
* |CL extends to state-space models
* The effect of position encoding on ICL



Transformer Learns Gradient Implicity

Previous work studies linear self-attention for linear regression task
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More Realistic Softmax Attention

* No closed-form construction anymore!
* Softmax Attention SAg(X) = Z texp(XWWg X T) XWy,
* Softmax regression L(W; X,Y) = [[{exp(XW),1,,) L exp(XW) — Y|

* Theorem. Weight shift = Data shift w/ same Lipschitz continuity
L(W:X,Y)

— I

LW + AW; X,Y) ~ LOW; X,Y + AY) ~ L(W; X + AX,Y)

Theorem. 30 s.t. LSAg (X) = Y where
D W + AW = yill2 = ) W = (5 + Ay
l l




More Realistic Softmax Attention:Experiments

~ one-step GD for softmax regression
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How about General Tasks?

* |CL is observed for many tasks
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e GTLV, What Can Transformers Learn In-Context? A Case Study of Simple Function Classes. NeurlPS 2022.



Constructed TF can IC-Learn 2-layer NN

e Existing work considers 2-layer NN regression task
Regression L(W) = |lc(XW )W, — Y||?

OL(W)
CTow, 220 W )Wy —y) - o' (xiW)W, - 1 - x;
OL(W)
" ow, 4 2i(a (W)W, —y;) - o (x;Wh)
* Theorem. Constructed transformer =~ GD of 2-layer NN task
OL(W)
x.
l i O'(XiW) . oWw.
V);/i Attention R a(xl-Wl)W; —y, Attentlon: aL(Vlll)
wo | o' (W) MILP ow,
2 W — VL(W)




General Tasks

* Previous explicit construction fails for general tasks
 General regression L(W) = L(o(a(a(XWy) - )W,,_1 )W, Y)

« VL(W) has higher-order terms ' (o' (o' (XW;) -+ )W,,_1)W,, cannot be
represented by quadratic QK 'V

* Directly compute gradient will relate to
exponentially many elements (parameters,

hiddens)

 =cannot explicitly construct

* |dea: Think backpropagation!
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Layered Transtformer Approximate General GD

* Compute in a recursive way
* one layer Transformer approximate one-layer GD
* Then stack them up

* Theorem. For n-layer, width-K NN regression
task, 3 O(n)-layer Transformer that can
approximate a one-step GD on the regression
task

Wt =w —n(VL(W) + e(W))
where H < 0(K?%€7?),d < 0(nK?)

________________________________________

T T

Transformer By aL(W)
Layer Construction|  gw/,
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squared error
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in-context examples

first extend to 3-layer NN regressiolq task



General Task Example: Indicator Function

* Regression target I(||Ax + b|| < 1)
* If approximated 2-layer NN, requires O (exp(8~%2°))-width NN
If approximated 3-layer NN, requires O (8 ~%°)-width

Theorem. The constructed O(log(1/¢)) TF layers can learn the indicator function
with accuracy O(e + 8), and max{H,d} < 0(6 te™2).



Construction Algorithm Adapt to Smoothness

* Regression target € C°([0,1]?)

* Lemma. An O(log(1/6))-layer, 0(5‘D/S)-width NN can approximate it w/
accuracy 0.

* Theorem. The constructed O(log(1/¢€) log(1/6)) TF layers can learn the s-
smooth function w/ accuracy O(e + 6), and max{H, d} < O(S_ZD/SE_Z).



Overview on the Results

through CoT

N CoT steps

ICL task Attention Algorithm layer heads
Linear Regression linear GD 1/GD 1
D/l
Linear Regression softmax GD/c osc?d 9/GD 2
form solution
2-I§yer NN + Ger?erallzed RelLU approximate GD 2 /GD O(Ke™?)
Linear Regression
Ridge regression YVIth feature ReLU GD 1/GD 5
representation
n-layer NN + general : 2 -2
indicator/smooth functions activation approximate GD n/GD O(K”e™)
i D| 1l ith
n-layer NN coftmax approximate G ayer wit /
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Outline

* Transformer learns gradient implicitly
* |CL extends to state-space models
* The effect of position encoding on ICL
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ICL extends to State-space Models

Inference of transformer requires 0(n?)

computation

Consider state-space models, like Mamba

Mamba shows ICL properties | 7|, but worse | «

than transformer

Mamba-transformer hybrid structure is

better than each

Number of queries

Embedding dimension
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(b) ReLU neural network (c) Decision tree
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Comparison of Mamba & Transformer

* Mamba adopt diagnal A and structured mask:
State Space Duality |1 SSDg(X) = [L o XWgW/ X)X

learnable mask ]

101 SSD Model (1 layer)

. = SSD Model (2 layers)
fixed mask == 55D Model (4 layers)
== SSD Model (8 layers)

8 me SSD Model (16 layers)

* Note LSAg(X) = |M o XWoWZ XT| XW, = Sum

GD (4 steps)

Model MSE
()]

* For linear regression task L(IV/),
recall n-layer LSA can perform n-step GD of the task

0 50000 100000 150000 200000 250000 300000
Training steps

* Proposition. n SSD layers can’t perform n-step GD of 16 layers of SSD can’t
linear regression task even match 4 step GD!



1 0 0 O] 1 0 0 O
m=11 13 oo 0 1o
Hybrid Layer Can Achieve SGD Tl oo [

causal mask can only
select full batch

learnable mask can
select mini batch

e LSA can perform full-batch GD since its mask can only select all samples
could not select mini-batch

» SSD has learnable mask that can select mini-batch, but will modify inputs due to
state compression. Can’t perform gradient while keeping original input. Need
independent value matrix to perform correct SGD update

* Theorem. For linear regression task and mini-batch B, 3 one
perform one step of mini-batch SGD

W+ =W —nVL(W;B)

achieved by constructing learnable mask L of SSD.



Experiments

 Compare 1-hybrid-layer

* hybrid-layer converge
to SGD-performance
after training

60 SGD steps

* hybrid-layer match to
SGD-performance

across context-length

-
- o

vs. 30-step-SGD
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Outline

* Transformer learns gradient implicitly
* |CL extends to state-space models
* The effect of position encoding on ICL
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Position Effect: Existing Work Fail to Explain

e |ICL performance for different ordering of input vary from SOTA to random

. Studled attention Attng (X) = U(XWQWKTXT) XW,y, is permutation invariant for output

T _ [x 1

V1
MLM Perplexity
NoPos 147.18
Learned 4.06
Sinusoidal 4.07
ALiBi 4.00

* Then how to explain?

ey 1 PAttng (X)

XN XN+1

)

Testing Accuracy

=

Absolute PE
Relative PE

Subj Accuracy (%

- Random Initi

—— ROPE
L& = L] ra}dom guess

——— - —— — —— ]

0.1 0.3 0. 8 2 7 6 7 13 175
Model Parameters (Billion)
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What is the Role of Position Encoding?

Pratical work adopts position encoding to explicitly encode position information
eni1Attng(PX + E) # ey, Attng(X + E)

Position encoding makes ordering matter

But how different!

* Consider two types of PE "R(m6,) 0 0
e one-hot concatenated PE | R = 0 R(m6y) - 0

: m — : : . : .

* multiplicative RoPE for LLM | ’ ' ' ' |

P 0 0 R(mBapoi)l

and two types of tasks :
* Linear regression (order does not matter) R(md,) = [COS(mQr) — sin(mé,)

* Dynamical system X;,; = AX; (order matters) Sm(me") ______ cos(er)

24



Permutation Scaling

e Suppose permutation P can be decomposed into k transpositions

X1
e XT =
V1

X2 XN  XN+1
y2 =+ yn O

k transpositions in total

* Theorem. For linear regression task,
« one-hot PE: E[|[LSAg(PX + E) — LSAg(X + E)|] < Cyd*?k/N

* Rope:

E[|LSAg(PX + E) — LSAg (X + E)|] < Cyd®/?k/N

For dynamical system task,
« one-hot PE: E[|LSAg(PX + E) — LSAg(X + E)|] < C,d3/?k/N

* Rope:

E[|LSAg(PX + E) — LSAg(X + E)|] < C,d7/?k /N

1072

1073

E[|Ay]]

10>

Permutation Sensitivity

P

-
O
//’
-
-

—o— One-hot PE
—o— ROPE

_-=-=--0ne-hot fit: slope = 0.595 (R? = 0.9915)

P
E’/

ROPE fit: slope = 1.726 (R? = 0.9669)

100

10!
Input dimension d
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Experiments

Linear regression Dynamical system
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WLJ, Positional Encoding and Prompt-Order Sensitivity in In-Context Learning, in submission
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Conclusions

* Perspective: In-Context Adaptation Mirrors Weight Adaptation

e Context shifts in softmax attention and weight shifts in softmax regression
share the same Lipschitz stability

* The predictions and learned models become closely aligned during training

e Algorithms: ICL Implements GD over Rich Function Classes
* Transformers can learn DNNs in-context, thus approximating general functions
* Mamba-Transformer hybrid models can implement SGD

* Robustness: Positional Encoding Drives Prompt-Order Sensitivity
* Positional encoding breaks permutation invariance and changes ICL predicts
* Similar sensitivity scaling emerges across tasks and encoding schemes



Future Work

* Perspective
* Deep Transformers with MLP

e Algorithms
* [dentify the implicit function classes actually used by LLMs

 Whether transformer models learn certain algorithms during
pretraining phase

* Robustness

* Extend the PE sensitivity theory to softmax attention and deep
models with MLP

* Desigh new PEs with robust prediction



Thanks!
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